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We revisit the study of the maximally singular point in the Coulomb branch of 4d M = 2 
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of these theories is a theory of free hypermultiplets.) This observation removes a possible 
counter example to a conjectured a-theorem. 
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1. Introduction 

M = 2 supersymmetric gauge theory has been a useful playground where non- 
perturbative dynamics can be studied exactly, thanks to the holomorphy inherent in its 
low-energy Lagrangian. For example, monopoles can be made massless in the strongly- 
coupled region |]||]. 

It is also possible that both electric and magnetic particles become massless simulta- 
neously, as was first realized by Argyres and Douglas || in the pure SU(3) gauge theory 
at a point on the Coulomb branch. The system at that point is an isolated superconfor- 
mal theory; here the adjective 'isolated' signifies the fact that the theory has no marginal 
coupling. General properties of such Af = 2 superconformal theories were studied in f|], 
which also provided realization of such theories in terms of SU(2) theories with Nf = 1, 2, 
or 3 flavors. 

A more conventional way to have Af = 2 superconformal symmetry is to start with an 
M = 2 gauge theory whose one-loop beta function vanishes. Typical examples are SU(n) 
gauge theory with Nf = 2n flavors. The complexified gauge coupling r of such a theory is 
exactly marginal and can be tuned. The strong-coupling limit of such a theory has a dual 
description consisting of an isolated superconformal theory with a flavor symmetry whose 
subgroup is gauged by weakly-coupled vector multiplets |)]||. One important lesson is 
that the strongly-coupled theory can consist of several distinct strongly-interacting sectors 
weakly coupled by a gauge field. 

For example, the r — > 1 limit of SU(3) theory with six flavors consists of a weakly- 
coupled SU(2) gauge multiplet coupled to two sectors: one is a hypermultiplet in the 
doublet representation and another is an isolated superconformal theory with Eq flavor 
symmetry found by 0. The flavor symmetry U(6) originally carried by six flavors is, in 
the dual description, realized as the U(l) symmetry acting on a doublet hypermultiplet 
and the commutant SU(6) of the gauged SU(2) inside Eq. 

This observation suggests that a similar decomposition into sectors with an emergent 
weakly-coupled gauge multiplet can happen at a non-perturbative region of the Coulomb 
branch of an asymptotically-free Af = 2 gauge theory. We study a simple class of such 
theories, namely SU(iV) theory with an even number, Nf = 2n, of flavors with Nf < 2N. 
We will see that for Nf > 4 the theory at the maximally-singular point on the Coulomb 
branch has a dual description with an infrared-free SU(2) gauge multiplet coupled to two 
isolated superconformal theories. 
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Our interpretation of the physics at this point differs from || . Furthermore, this rein- 
terpretation allows us to reexamine the renormalization group flow between these theories 
M. We conclude that in accordance with Cardy's conjectured a-theorem 110] (see also 



Il])12|) the conformal central charge a decreases along the renormalization group flow. 

The rest of the paper is organized as follows. Section 2 contains the main analysis of 
the SU(iV) theory with 2n flavors. In Sec. 2.1, the curve is rewritten to the form adapted to 
the study around the maximally-singular point. In Sec. 2.2, we study the scaling procedure 
toward the maximally-singular point. We will see that the curve develops a long tubular 
region connecting two almost decoupled sectors. In Sec. 2.3, 2.4 and 2.5 the tubular region 
and the two sectors are analyzed in detail. The analysis is then summarized in Sec. 2.6. 
Section 3 consists of two checks and one application: we study the beta function of the 
infrared-free magnetic SU(2) in Sec. 3.1 and the Higgs branch in Sec. 3.2. The conformal 
central charge a is studied in Sec. 3.3. We conclude with a short discussion in Section 4. 



2. Analysis 

2.1. Rewriting of the curve 

We start from the curve of SU(iV) gauge theory with an even number Nf = 2n of 
flavors for N > n as determined in |T3| , p^| : 

2n 

= {£ N + ^N-2 + . . . + ^2 _ A 2N-2n JJ (£ + ^ 

Here, u^s are the coordinates of the Coulomb branch and rh^s are the masses of the 
hypermultiplets. The central charge of BPS particles is determined by the differential 

y + P 

\ = xd\og — , where P(x) = x N + U2X N ~ 2 + ■ ■ ■ + un (2.2) 

y- P 

First we split the mass parameters rhi associated to the U(2n) symmetry into the U(l) 
part, u±, and the SU(2n) part, m; (such that ^ = 0) by shifting x and Ui in (|2.1|) : 

2n 

y 2 = ( X ^V + UiX N-l + U2X N-2 + . . . + Un) 2 _ A 2N-2n "Q (x + ^ q q 

i=l 
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Note that u\ is a parameter and not a coordinate on the moduli space of vacua. A further 
rewriting makes it to 

2n 

y 2 = {x N + UiX N-l + + . . . + Un) 2 _ A 2N-2n x 2n _ ^ ^n-k 

k=2 

= (x N + --- + u n N e ™ n x n + --- + u N )x (2.4) 

2n 

(x N + ■■■ + (2A N ~ n + u n N e ™ n )x n + ... + UN )-J2 c k x 2n ~ k 

k=2 

Here, the parameters Cfc are the Casimir invariants of the SU(2n) mass, and u^-n — 
A N ~ n + w^f-n- I n the following we drop the superscript new , hoping no confusion arises. 

2.2. Scaling limit 

When all Ui and Ck are small compared to A, the curve is approximated by 

y 2 « (x N ~ n + 2A N ~ n )x N+n . (2.5) 

We call this point in the Coulomb branch of the SU(iV) theory with 2n flavors the EHIY 
point p. 

On the x plane, there are N — n branch points at |x| ~ |A| and N + n branch points 
at \x\ ~ 0. It is thus tempting to scale toward the small x region and to set the scaling 
dimensions of x and y to satisfy [x] : [y] = (N + n) : 2. The differential in the small x 
region can be approximated by 

A w ydx/x n . (2.6) 

Demanding [A] = 1 then determines [x] and [y], as was done in [gj. However this assigns 
[cs] 7^ 3 when n > 1, or equivalently when Nf > 2. This is in contradiction with the 
argument in that the scaling dimensions of mass parameters associated to non-Abelian 
flavor symmetry do not acquire anomalous dimensions. Therefore, we need to re-analyze 
the situation when n > 1. 

Let us study more carefully the geometry of the small x region of the curve, where we 
have N + n branch points. We define y = ylx n ~ x and write the curve as 

~ 2 / N-n+2 , , , , u N-n+3 . U N 

y = [x ^ H \-u N - n+1 x + u N - n+2 -i 1 1- -r-o) 

x oc — 

x ( x ^ + ... + (2A N -- + u N - n ) + ^^ + ^^ + --- + ^) + 



+ c 2 H 1 h 



nj^ r^* 2 77, 2 



(2.7) 
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The differential is A ~ ydx/x. 

We anticipate a scaling limit of the curve (|2.7|) such that Uj and Ck are scaled to zero 
in a prescribed way, but different subsectors are obtained with different scalings of x. 

We would like to keep [c&] = k. This motivates us to introduce €a <C 1 and scale 
Ck ~ O(e^). This immediately implies that the scaled curve depends on Ck only when 
x ~ 0(€a), and therefore we take 

U N - n+ 2 ~ O(e^), W7V-n+3 ~ 0(4), MAT~0(e^). (2.8) 

In order to account for another sector in which x is scaled differently, let x ~ 0(e_e) and 
ui~0(e s ), u a ~0(4), ~ 0(e£" n+2 ). (2.9) 

Clearly, consistency of (^J|) and ( |2.8|) demands 

e A = 4- +2 (2.10) 

and hence £a ^ e_B ^ |A| ~ 1. 

The curve has three interesting regions: 
1. For \x\ ~ €a the curve is 

« (UjV-n+2 + = + • • • + ) 



x(2A^ + ^^ + ^^ + .-- + ^) + c 2 + ^ + --- + ^ ¥ . 



(2.11) 



and it has 2n — 2 branch points. 
2. For \x\ ~ the curve is 



2A iV -(x Ar - n + 2 + ■ ■ • + WTV-n+lX + UN-n+2), (2.12) 



where UAr_ n _|_2 = un-u+2 + C2/(2A N n ). It has iV — n + 2 branch points. 
3. Between these two regions, €a <C \x\ <C eg, the curve is trivial 



2A JV - n « JV _ n+2 . (2.13) 



There are no branch points in this region. 
Let us discuss these three regions. 
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2.3. e A < \x\ < e B 

This is a tubular region with the trivial curve (|2.13| ). It gives a BPS vector multiplet 
with BPS central charge 

\ = 2ixia where a 2 = 2A N - n u N _ n+2 ~ 0{e\). (2.14) 



J X 



|x|=const. 

There is also a BPS geodesic connecting a branch point at \x\ ~ €a and another at 
|x| ~ ts- This gives a massive hypermultiplet, whose BPS central charge is 



A = a x 



N -n 



-(log 6a) + const. 



(2.15) 



iV-n + 2 

When €a is very small, these represent the physics of a weakly-coupled SU(2) gauge 
multiplet broken by the adjoint vev a: the particle ( |2.14 ) is the W-boson, and the particle 



( [2 .15|) is the 't Hooft-Polyakov monopole. The ratio of the mass of the monopole to that 
of the W-boson grows as €a is lowered; therefore the SU(2) group is infrared free. The 
coupling constant at the scale a ~ €a is 

r = ^- N ~ U log(e A ). (2.16) 
2m i\ — n + 2 

Equivalently, the one-loop running 6 of the SU(2) gauge group is given by 

N — n , „. 

(2.17) 



u iV-n + 2 
which is positive. 

2-4- \x\ ~ €b 

The physics in this region is governed by the curve (|2.12|) . Note that the theory only 



depends on v = N — n + 1. In fact, this is the maximally conformal point of SU(z^) gauge 
theory with two hypermultiplets in the fundamental representation, which has U(2) flavor 
symmetry. Let us call this theory S v . For v = 2 this is the point studied in M; for v > 2 
this was studied in ||]. The scaling dimensions are given by [uk] = jy-n+2 ■ u\ is the 
U(l) mass parameter; w^+i is the SU(2) mass parameter, which has the correct scaling 
dimension 2. 

The flavor symmetry central charge k of the SU(2) part0 can be calculated using the 
methods presented in JTSj, and is given by 

u+1 N-n+2 y ' 



For v = 2 it was also determined in see Table 2 therein. 



1 As is customary, k is normalized so that a hypermultiplet in the fundamental representation 
contributes by 2 to k. 
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2.5. \x\ ~ €a 



The physics in this region is governed by the curve ( |2.11p , and depends only on n. 



It can be found by taking a strong-coupling limit of SU(n) gauge theory with Nf = 2n 
flavors. The curve was determined in |l^,[n| and is given by 



2n 



= (x n + u 2 x n ~ 2 + ■■■ + u n f - f(r) l[(x + rhi). (2.19) 



Here f(r) is a certain modular function given in the references just cited. Its only property 
we need is /(r = 1) = 1. 

One can analyze the strong coupling limit r — > 1 by repeating what we presented in 
Sec. 2.1 and 2.2 almost verbatim, and we obtain the curves Q2.ll ) and Q2.12 ) with N = n. 



In this particular case, the curve (|2.12|) produces just a hypermultiplet, and we conclude 



that the SU(n) theory with 2n flavors at the strongly-coupled limit r — > 1 has an S-dual 
description, consisting of 

• an SU(2) gauge multiplet, coupled to 



• a hypermultiplet in the doublet, coming from the curve ( 2.12 ), which has SU(2) x U(l) 
flavor symmetry, and 

• a strongly-coupled theory coming from the curve ( p.ll|) , which has SU(2) x SU(2n) 
flavor symmetry. Let us call this theory R n . 

For n = 2, this S-duality is the standard one of SU(2) theory with four flavors. 
Therefore R 2 is a free theory of N f = 3 doublets of SU(2). This has SU(2) x SO(2A^/) ~ 
SU(2) x SU(4) flavor symmetry. 

For n = 3, this S-duality is the one first found in 0. Therefore -R3 is the isolated 
rank-1 theory with the flavor symmetry Eq d SU(2) x SU(6), originally found in 0. 

For n > 4, this S-duality is of the type whose analysis was initiated by 0; this 
particular case was studied in detail by [T^] . R n is an isolated superconformal field theory 
with the flavor symmetry SU(2) x SU(2n). The flavor symmetry central charge k of SU(2) 
part is k = 6. 



2.6. Summary 

Combining the analyses in Sec. 2.3, 2.4 and 2.5, we conclude that SU(iV) gauge theory 
with Nf = 2n flavors at the EHIY point is described by 

• a number of decoupled U(l) vector multiplets, 

• an infrared-free SU(2) gauge multiplet, coupled to 

• a strongly-coupled superconformal theory Sjy-n+i, i-e. the maximally conformal point 
of SU(iV — n + 1) theory with two flavors, which has U(l) x SU(2) flavor symmetry, 
and 

• another strongly-coupled superconformal theory R n , i.e. a component of the S-dual 
of SU(n) theory with In flavors, which has SU(2) x SU(2n) flavor symmetry. 

The main point (which differs from ||) is that we find, when Nf = 2n > 4, two 
almost-decoupled sectors Sjv-n+i an d R n coupled by an infrared-free SU(2). In the curve 
( |2.11|) , considered in itself, the parameter Wjv-n+2 represents the squared mass parameter 
of the SU(2) flavor symmetry of the theory Sjv-n+i- Similarly, in the curve ( fOl) , iiN- n +2 
is the squared mass parameter of the SU(2) flavor symmetry of the theory R n . The 
dynamical SU(2) vector multiplet coming from the tubular region ( |2.13| ) couples to the 
diagonal combination of these SU(2) flavor symmetries, and indeed the mass of the vector 
boson is given by the square root of iiN-n+2, as shown in ( |2.14j ). 

3. Two checks and one application 

Here we perform two easy checks and an application of the analysis presented in the 
previous section. 

3.1. One-loop beta function 

The first check is the one-loop beta function of the SU(2) gauge group. When an 
SU(iV) gauge multiplet is coupled to a system with SU(iV) flavor symmetry with central 
charge k, the one- loop coefficient bo is given by 

b = ^-2N (3.1) 

where the second term is the contribution from the M = 2 vector multiplet. The theory 
S]y- n+ i has k given by ( |2.18| ), while the theory R n has k = 6. We correctly reproduce bo 
given in fl2.17|) , which was calculated directly from the curve of the whole system. 
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3.2. Higgs branch 



The second check is the Higgs branch of the system. As shown in |18[] , the EHIY point 
on the Coulomb branch touches the origin of the Higgs branch of quaternionic dimension 
n 2 of the form 

H 2nxn ///U(n), (3.2) 

where the symbol M /// G stands for the hyperkahler quotient, or equivalently the Higgs 
branch of an Af = 2 theory with gauge group G coupled to hypermultiplets parameterizing 
M. 

In the description given in Sec. 2.6, the Higgs branch has the form 

(Higgs(SW-n + i) x Higgs( J R n )) ///SU(2), (3.3) 

where Higgs(X) stands for the Higgs branch of theory X. Let us check that this agrees 
with ( |3.2| ). Firstly, from fl8 ], we know 



Higgs(^) = H 2 /// U(l) = C 2 /Z 2 . (3.4) 
Secondly, from the S-duality of SU(n) theory with 2n flavors, we knowi 

(H 2 x Higgs( J R n )) ///SU(2) = (M 2nxn ) ///SU(n). (3.5) 

Therefore, we have 

(Higgs(5 i v-n+i) x Higgs( J R n )) /// SU(2) = ((H 2 /// U(l)) x Higgs( J R n )) /// SU(2) 

= (H 2 x Higgs( J R n )) /// SU(2) /// U(l) 

(3.6) 

= (H 2nXn )///SU(n)///U(l) 
= (H 2nxn )///U(n), 

thus reproducing 



This was explicitly checked for n = 3 in [19 
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3. 3. Renormalization- group flow and the central charge a 

Following |J, we would like to examine the renormalization group flow between the 
EHIY points of SU(iV + 1) theory with Nf = 2n flavors and that of SU(iV) theory with the 
same number of flavors. In particular, we are interested in the conformal central charge a. 
The reinterpretation of the EHIY point leads us to recalculate a. 

Clearly, the renormalization group flow is essentially between S^+i and S„, while the 
R n theory is a spectator. The central charge a of the theory S u was calculated in 0: 

( v 1 1 

1 ; r for even v. 

I 4 16 16(^ + 1) (3 . 7) 

— for odd v. 

\ 4 6 

As the low energy limit of SU(z/) theory with two flavors, we have additional v/2 — 1 free 
U(l) vector multiplets when v is even, and [y — l)/2 when v is odd. One free U(l) vector 
multiplet contributes 5/24 to a, and therefore the total a is given by 

\lv 13 1 
1 : lor even v. 

48 48 16(i/ +1) /oon 

Ylv 13 ' AA (3 ' 8) 

lor odd v. 



48 48 



The conformal central charge a decreases as v decreases, in accordance with [10 



4. Discussions and conclusions 

We are often interested in identifying the low energy physics at the vicinity of a point 
V on the Coulomb branch. For generic V the low energy theory consists of a number of 
U(l) vectors with massive charged hypermultiplets, and the analysis is trivial. At some 
special points, we find massless charged hypermultiplets coupled to infrared-free gauge 
multiplets. Here we see monodromies around V and possibly a Higgs branch emanating 
from the point. This case is still relatively easy to understand and by now it is standard. 
More interesting is the situation in which the low-energy limit at V is an interacting theory. 
In this case we should find an appropriate scaling toward V and identify the interacting 
scaling theory. 

Finding such a scaling is not always obvious, and we do not yet have a clear and 
straightforward procedure to find the correct scaling at a given point V . Instead, we need 
to come up with an informed guess, which we subject to various consistency conditions. 
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One constraint is that all the non-Abelian flavor currents, and therefore the corre- 
sponding mass parameters, should have their canonical dimensions. This requirement can 
lead to a scaling limit which splits the curve, and therefore the physics, into sectors which 
are weakly coupled by a gauge multiplet. Then the next step is to identify each sector 
as one of the already known theories. Once this step is done, we can perform further 
consistency checks, by comparing the description as the almost decoupled system against 
the original theory. For example, the behavior of the gauge coupling can be studied in 
two ways, first by calculating the one-loop contributions from the decoupled sectors, and 
second by studying the BPS central charges from the full curve of the original system. 
These two approaches should give the same beta function. Another check is associated 
with the Higgs branch. It can be determined both from the UV description and from the 
IR description. These two calculations should again agree, because the Higgs branch is 
known not to be modified by the gauge dynamics |18[ . 

It is, however, important to keep in mind that these are necessary conditions, but 
they might not be sufficient. There is no guarantee that these considerations always lead 
to a unique answer. 

In this paper we studied the EHIY point on the Coulomb branch of SU(iV) theory 
with 2n flavors. The analysis of this point clearly demonstrates that the limit can be 
subtle. Motivated by the criteria above we proposed the scaling (|2.8|)-( pTT0|) . The main 
subtlety in our answer is that the limit is such that the curve splits into sectors. We found 
that when n > 1 the infrared theory consists of an infrared-free SU(2) theory coupled to 
two isolated superconformal theories: one is the theory SV-n+i at the EHIY point of the 
SU(iV — Ti-l-l) theory with two flavors, the other is the theory R n , which is a component 
of the S-dual of the SU(n) theory with 2n flavors in the limit r — > 1. 

A possible tool in analyzing this problem is the construction of the M = 2 theory as 
the six-dimensional M = (2, 0) theory compactified on a Riemann surface with punctures. 
Perhaps this viewpoint can help determine the correct scaling limit. In many examples, the 
scaling procedure applied to the punctured Riemann surface gives a direct six-dimensional 
construction of the corresponding isolated superconformal theories, as in ||20|| . We hope to 
come back to these problems in the future. 
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